Preference Elicitation & Recommendation
Part 2

Applied Mechanism Design for Social Good — CMSC828M
23 April, 2020

Duncan C McElfresh

dmcelfre@umd.edu



Elicitation + Recommendation

Preference Elicitation Recommendation

What does the {agent | customer | user} want? Which item should we offer?
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Multi-Stage Optimization

Stage 2

Stage 1 Observe responses Recommend item
Select queries /\/ (maximin utility)
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Observation
Stage 2
Stage 1 9
Recommend item

Select queries /\/ (maximin utility)
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Observe responses

' Suppose we can “design” E
1 an item
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Observation
Stage 2

Stage 1 Observe responses Recommend item
Select queries /\/ (maximin utility)
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' Suppose we can “design” .
' an item : Observation

, , With maximin-utility recommendation, and a
i X={xzecR’|z'b<c} convex item set X', elicitation is useless.
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Observation

With maximin-utility recommendation, and a
convex item set X, elicitation is useless.

max 1min u x
TEX ucl(q,s)

Minimax Theorem: (von Neumann)

e 1 f(Z,Y)is convex in X, concave iny
* On convex compact sets X and Y, then:

a ] x — ' a €T
max min f(z,y) N max flz,y)
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Minimax Theorem: (von Neumann)

e 1 f(Z,Y)is convex in X, concave in y
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Convex
(by definition)

|
Convex polyhedron
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Observation (Step 1)
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Minimax Theorem: (von Neumann) Convex

(by definition)

* On convex compact sets X and Y, then: |
Convex polyhedron

e 1 f(Z,Y)is convex in X, concave iny
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Observation
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Observation

With maximin-utility recommendation, and a
convex item set X, elicitation is useless.

-

max min U x
TEX uecl(q,s) .
/ ?
Minimax Theorem: (von Neumann) Convex Convex/concave
e 1f F(Z,Y) is convex in x, concave in y (by definition) in both vars

* On convex compact sets X and Y, then: / C y lvhed
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Ry ey = e Sy
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Observation
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Observation
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Observation

With maximin-utility recommendation, and a
convex item set X, elicitation is useless.
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Observation
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Observation
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Observation

With maximin-utility recommendation, and a
convex item set X, elicitation is useless.
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Observation

With maximin-utility recommendation, and a
convex item set X, elicitation is useless.
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qe QK seSK wucl(q,s) =TEX
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Observation (Step 2)

Observation

With maximin-utility recommendation, and a
convex item set X, elicitation is useless.

max  min min max U X  (Minimax Thm.)
geQX  seSK well(q,s) TEX

Q: Suppose | ask several queries:

Does this restrict nature from
choosing any u € U° ?
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Observation (Step 2)

Observation

With maximin-utility recommendation, and a
convex item set X, elicitation is useless.

T
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Observation

With maximin-utility recommendation, and a
convex item set X, elicitation is useless.

max  min min max U X  (Minimax Thm.)
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W
min

uwelf0
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Observation (Step 3)

Observation

With maximin-utility recommendation, and a
convex item set X, elicitation is useless.

ha min max ’U,T.il? (Minimax Thm.)
qg€Qr wucl® =xEX (Unrestricted )

Queries don’t matter

min Q: What does this mean?
seSk e don’t use convex X ?

e robustness is too conservative?

min
ucl(q,s)
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MILP Reformulation

Stage 2
Stage 1

Recommend item

Select queries /\/ (maximin utility)

Observe responses

How do we solve
this problem?

15



Elicitation-Recommendation Problem

Reformulation

max min max min fu,Tw
qeQ” seSK  =xeX  wel(q,s)

Goal:

Express this problem as a finite-size
linear program (with integer and/or
continuous variables)

16



Elicitation-Recommendation Problem

Reformulation

max min max

qeOr seSK

Goal:

Express this problem as a finite-size
linear program (with integer and/or
continuous variables)

recX

16

min fu,T$
uel(q,s)
Reformulation Tricks
1. “Indexing” discrete variables
2. Epigraph formulation
3. Linearization
4. Duality

o

Decomposition
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max  min  max min u' @
geOh  seSK  xeX ycl(q,s)

Fixed
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Suppose we don’t wait for nature to select S'!

Instead, for each possible agent response scenario S ...
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Reformulation (1): Index by S

max min  max min u'
qeOr seSk reX wucl(q,s)
Fixed
ImMmax
xrslecX
IMmax
xrs2cX
Vs € SE
+ Suppose we don’t wait for nature to select S |
Instead, for each possible agent response scenario S
+ we find the optimal item to recommend, Z°...
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Reformulation (1): Index by S

max min  max min w e
qeOr seSk reX wucl(q,s)
Fixed
ImMmax
xs1c X T s
IMmax U
xrs2cX
Vs € SE
+ Suppose we don’t wait for nature to select S |
Instead, for each possible agent response scenario S
+ we find the optimal item to recommend, Z°...



Elicitation-Recommendation Problem

Reformulation (1): Index by S

max  min  max min ulr
geQr  seSK  @EX wucl(q,s)
Fixed
max
Tl eX T,_.8
max U

xs2cX
Vs € S¥

Aside:

In LPs, discrete vars (S) are
tricky, so we remove them
when possible.

One way to do this is
“indexing” — rolling out all
possible values.

S
)
=
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Q
o
—
O
-
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Q
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O
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Elicitation-Recommendation Problem

Reformulation (1): Index by S

IMax
. cilex . T s
IMnax mirl max 111111 u X
qeQr seSK \ z2edk uel(q,s)

Fixed :
Vs € S&
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Elicitation-Recommendation Problem

Reformulation (1): Index by S

I111aX
. Tl EX . 1T s
ImMax min max min u X
gec oK seSK \ x2ed uecld(q,s)
Fixed :
Vs € S®
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Reformulation (1): Index by S

Imax

. Tl EX . 1T s
ImMax min max min u X
gec oK seSK \ x2ed uecld(q,s)
Fixed :
Vs € S®
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Elicitation-Recommendation Problem

Reformulation (1): Index by S

IMax

xs1c X . ) T o
ImMax max 11nin 1Min u I
gecok xrs2cX seSk uGZ/{(q,s)

Fixed :
Vs € 8B
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Elicitation-Recommendation Problem

Reformulation

11N aXxX

xlec X

Imnax max

geok rS2cX
Vs € ¥

Goal:

Express this problem as a finite-size
linear program (with integer and/or
continuous variables)

T _s

min min u'x
s€S*  ueld(q,s)

20

Reformulation Tricks

1. = g~

2. Epigraph formulation
3. Linearization

4. Duality

5. Decomposition
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Reformulation (2): Epigraph Form

Imax

xl1c X . ) T
Imax max 111111 min u x
qeQr r2eX f seST wucl(q,s)

VsE:SK

21



Elicitation-Recommendation Problem
Reformulation (2): Epigraph Form

11N ax
xs1c X . ] T 4
IMNax max min min U I
gcok xrs2eX seSk uGZ/{(q,s)
Vs € ¥

Q: How can we simplify?

21



Elicitation-Recommendation Problem
Reformulation (2): Epigraph Form

IMax

xr°lecX . ]
IMNax max min 1111 U I
gcok xrs2cX seSk uGZ/{(q,s)
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Elicitation-Recommendation Problem
Reformulation (2): Epigraph Form

11N ax
xs1c X . ] T 4
IMNax max min min U I
gcok xrs2eX seSk uGZ/{(q,s)
Vs € ¥

Q: How can we simplify?
e Can we select select 9 and x° simultaneously?
A: Yes. Why?

21
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Reformulation (2): Epigraph Form

max min min u' s

<t g€t sE5T uell(qs)

r°c X : Vsec St

22



Elicitation-Recommendation Problem
Reformulation (2): Epigraph Form

max miI}l{ min u' T
t q c QK SES UEZ/{(q,S)
S.L. ’

r°c X : Vsec St

Epigraph Formulation of a problem
. using aux. variable (7))
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Reformulation (2): Epigraph Form

max miI}l{ min u' T
t q c QK SES UEZ/{(q,S)
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r°c X : Vsec St

Epigraph Formulation of a problem
. using aux. variable (7))

ez J1®)



Elicitation-Recommendation Problem
Reformulation (2): Epigraph Form

max mél}l{ min u' x®
SE€ uel(q,s)
S.1. q < QK7
r*cX: Vse St
Epigraph Formulation of a problem
. using aux. variable (7))
Imax T
max f(z) @@ rcRzcZ
s r < f(2)
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Elicitation-Recommendation Problem
Reformulation (2): Epigraph Form

max min min u' s

¢ qeo” SEST uell(q,s)
S.L. ?

r°cX: VsecS¥
New Aux.
variable! g T € R

. Epigraph Formulation of a problem

1
: using aux. variable (7)

max T
max f(z) # TeER, zeZ
zZEZ TS f(z)



Elicitation-Recommendation Problem
Reformulation (2): Epigraph Form

max T

st. a€9",
x> c X : VseS¥

New Aux.
variable! g T € R

r ------------------------------------

. Epigraph Formulation of a problem

1
: using aux. variable (7)

max T
max f(z) # TeRzeZ
zE

2 T < f(2)
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Reformulation (2): Epigraph Form

max T
st. 4€Q°,

r°ec X: Vse Sk

TEeER

~ < min  min u' x®

— sest UEZ/[(q,S)

r ------------------------------------

. Epigraph Formulation of a problem

1
: using aux. variable (7)

max T
max f(z) # TeRzeZ
z

€z T < f(2)
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Reformulation (2): Epigraph Form

max T
st. 4€Q°,

r°ec X: Vse Sk

TEeR
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r ------------------------------------

. Epigraph Formulation of a problem

1
: using aux. variable (7)

max T
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Elicitation-Recommendation Problem

Reformulation

Imax T
st. 9€9Q°,
re X: Vse St
TEeR
- < min min u'x®

s€S*  well(q,s)

Reformulation Tricks

-1 “IH ElE}Ei: 9 |- | . I I
Express this problem as a finite-size 2 E|E i § £ lati

linear program (with integer and/or
continuous variables) 3. Linearization

4. Duality

27 -
5 Decomnoc<ition

Goal:



Elicitation-Recommendation Problem

Reformulation

max min  max min !
con eSK cX cl(q,s)
Imax T
st. 9€QF,
re X: Vse St
TEeR
- < min min u'x®

seSk ucld(q,s)

A Reformulation Tricks
Q: How do we solve this? rdexing—di Fare
nearization
4. Duality

27 -
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Elicitation-Recommendation Problem

Reformulation

Imax T

st. 9€9Q°,
r*ecX: Vse St
TeR

min min u' T
TS sesK well(q,s)

) Reformulation Tricks

Q: How do we solve this? rdexing—ch faric
e Can we even write this problem down

(as a MILP)?

nearization
4. Duality

27 -
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Elicitation-Recommendation Problem

Reformulation

max min  max min o’
cQk eSK cX cl(q,s)
Imax T
st. 9€QF,
re X: Vse St
TEeR
- < min min u'x®

SES™  wuel(q,s)

) Reformulation Tricks

Q: How do we solve this?

e Can we even write this problem down
(as a MILP)?

1Ization
T wm
y

27 -
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Elicitation-Recommendation Problem

Reformulation (3): Index by S... again!

max T

st. q€9F,
x> c X : VscSK
T € R
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K T Aside:
s.t. 4€9,

s , K In LPs, discrete vars (S) are

r-cX: Vse S tricky, so we remove them
when possible.
TR . .
. One way to do this is

T < 111111 min ’U,T,’L‘S “indexing” — rolling out all

— seS®  wuell(q,s) possible values.
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IMax :
K T Aside:
s.t. 4€9,
s , K In LPs, discrete vars (S) are
r-c X Vse S tricky, so we remove them
when possible.
TeR . .
. One way to do this is
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Linearizing a Min constraint

by “rolling out” all possible outcomes
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Elicitation-Recommendation Problem

Reformulation (3): Index by S... again!

max T
st. a€Q",

r*c X Vse St

T€eR

- < min min u' x®

T SGSK ’LLEZ/!((.],S)

. Linearizing a Min constraint

max T max 7

TR # TER

Tgmelar}f(y) T< f(y) Vy ey
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Elicitation-Recommendation Problem

Reformulation (3): Index by S... again!

max T
st. gq€9Q,

x> c X : VscSK

T € R

T < min u' x® Vs € SK

ucl(q,s)

. Linearizing a Min constraint

max T max 7

TR # TER

Tgmelar}f(y) T< f(y) Vy ey
Yy



Elicitation-Recommendation Problem

Reformulation (3): Index by S... again!

max T
S.t. qe Q"
xS cX: VseSK

TelR

T s

min u K
T < ucl(q,s) Vs €S
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Reformulation (3): Index by S... again!

max T
st. a€9Q”,
r*cX: Vse St
T€eR

min u K
T < ucl(q,s) Vs €S

. Comment:
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Elicitation-Recommendation Problem

Reformulation (3): Index by S... again!

. Comment:
+ Constraints/vars group naturally by s



Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

max T
st. gq€9Qf,

xr® c X
. T s K
min U x Vs e S
T S ucl(q,s)

33



Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

max T T :

K : o ,
st g€, . The only remaining problem is
' the minimization over u.
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Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

ImMax T RREEELTE L P EE LR L ELEEEEEEE :
st g€ ox. + The oplly rgmgining problem is
' the minimization over u.
TR :

Q: How do we get rid of this minimization?
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Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

max T RRRCLEEEETLEEEEETEEEEEEEEEEEEEEE
st g€ ox. + The oply rgmgining problem is
' the minimization over u.
T & R L
r° e X
< min u'x® ¢ Vse 8K
— wu€l(q,s)

Q: How do we get rid of this minimization?

... what would happen if this min became a max?
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Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

. T 8 TP "
min o x primal
max. T weld(q,s)
St q 6 QKa
TR

' Primal & Dual Linear Programs

min c'x

ccRN, Ax>b




Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

. T 8 TP 3
min u x primal
Nax T ucld(q,s)
K

St q < Q y

T€eR

xr® e X

< min wu'x° ¢ Vse Sk

— wu€l(q,s)
Primal & Dual Linear Programs
ucl : ’u,T(a:qf—a:qu)EO Ve =1,..., K: s.=1
U(g, s) := T (g B _ . _
u' (x99 —x%) <0 Ve=1,..., K: s,=-1



Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

. T S T . 7
m min u @ primal
ax 7- ucld(q,s)

TER t

r° e X max yTb “dual”
< min w'x® ¢ Vse St yey

U( S)'— uecl uT(mqf_wQE)ZO Ve=1,..., K: s.=1
q, - uT(mqf—qu)SO Ve=1,..., K: s.=-1



Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

x5 “primal”

min u
max. T weld(q,s)
S.t. qe Q",

TER t

r® € X max yTb “dual”
< min w'x® ¢ Vse St yey
T ’U,EZ/{(q,S)
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Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

. T 8 TP "
min u & primal
max T ucld(q,s)
st. gq€9Qf,
7€ R t
CBS - X « mEaj}]( y—l—b “dual”
< min w z°¢ VseS Y
T UEZ/{(q,S)

Q: How many different primal/
dual problems are there?
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Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

. T s TP "
min o x primal
max T weld(q,s)
s.t. 4dE Qr,
TR t
r® e X . . meagjc yTb “dual”
< min u' xs ¢ VseS Y
— wu€l(q,s)

Q: How many different primal/ | GK
dual problems are there? A: One for each s ©

Because we “indexed” over these variables, we
need to create different variables for each.
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Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

. T s TP "
min u & primal
max T ucld(q,s)
st. ac€9f,
T €R t
wS E X | T K udualu
< min u' x® £ Vs e S
— cl(q,
u (q 3) max (bS)Tys

y°€Y(s,z°,q)

Q: How many different primal/ | GK
dual problems are there? A: One for each s ©

Because we “indexed” over these variables, we
need to create different variables for each.

36



Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

max T
st. gq€9Qf,

r® e X
K
b3 T Vs € S
T S yseg%gﬁs,q)( ) J
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Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

max T
st. gq€9Qf,

x® e X
s\T .8 \V/S SK
T < i)Y -
Q: How do we get rid of this?
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Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

max T
st. gq€9Qf,

x® e X
s\ I s \V/S SK
T < i)Y -
Q: How do we get rid of this?

A: Add ¥° € Y(s, 7%, q) to the domain...
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Elicitation-Recommendation Problem

Reformulation (4): Index by S... again!

max T
st. gq€9Qf,

r® e X

v eVt b ox
T S (bS)TyS
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Elicitation-Recommendation Problem

Reformulation

Goal:
Express this problem as a finite-size
nax T linear program (with integer and/or
st g€ ok continuous variables)
TeR
s Cc X Reformulation Tricks
Yy Gy(S,ZB,CI) \V/SGSK 1
T < (b%)"y* 2. Epigraph-formulation
3. bihearization
4. Duality

» 5. Decomposition



Elicitation-Recommendation Problem

Reformulation

max T

st. a€QF,
T€eR
x® e X
y eV 2t a) A vy e K
< %)y

e Can we solve this yet???
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K .
st. 4€9, i + Can we solve this yet???
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5 c X . * The number of response scenarios
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Elicitation-Recommendation Problem

Reformulation

Imax T
q E QK |
S.t. ) + * Can we solve this yet???
TER :
5 c X e The number of response scenarios
. . s € S* can be huge
y Gy(s,w,Q) \V/SGSK : | |
< (bS)T y* ' o \We address this with decomposition



Elicitation-Recommendation Problem

Decomposition

max T
st. gq€9Qf,

r® e X

v eVt b ox
T S (bS)TyS
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r” e X 2. solve this reduced problem
Yy Ey(S,CB,Q) \V/SESK E
T S (bS)Tys
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Elicitation-Recommendation Problem

Decomposition

max T + General ldea:

ge of, ' 1. start with only a few scenarios:
I /

TR : S = {s1, 82,53}

r’ e X i 2. solve this reduced problem

v V") b gn
T< )Y | vsed

41



Elicitation-Recommendation Problem

Decomposition

max T + General ldea:
st. dc o, + 1. start with only a few scenarios:
I /
T ER : S ‘= {81782783}
r” e X i 2. solve this reduced problem

y e Vs q) U3erS™ 1 3. Are there any violated constraints
T : K
T %) v | vsecs§ for Vs € S® (is T too large?)
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Elicitation-Recommendation Problem

Decomposition

max T General Idea:
st. dc o, 1. start with only a few scenarios:
/
T ER S ‘= {81782783}
x’ e X 2. solve this reduced problem

y® € V(s, 2% q) § g oer
T < ()Y | vs cS

3. Are there any violated constraints
for Vs € S (is T too large?)

Q: When is a feasible solution to the
reduced problem also a feasible

solution to the “master” problem?
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Elicitation-Recommendation Problem

Decomposition

max T General Idea:
st. dc o, 1. start with only a few scenarios:
/
T ER S ‘= {81782783}
x’ e X 2. solve this reduced problem

y® € V(s, 2% q) § g oer
T< (0)'y° | vs cS

. Are there any violated constraints
for Vs € S (is T too large?)

4. If No: we’re optimal!

Q: When is a feasible solution to the

w

reduced problem also a feasible
solution to the “master” problem?
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Elicitation-Recommendation Problem

Decomposition

max T General Idea:
st. dc o, 1. start with only a few scenarios:
/
T ER S ‘= {81782783}
x’ e X 2. solve this reduced problem

y® € V(s, 2% q) § g oer
T< (0)'y° | vs cS

. Are there any violated constraints
for Vs € S (is T too large?)

4. If No: we’re optimal!

w
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Elicitation-Recommendation Problem

Decomposition

max T General Idea:
st. d¢€ o, 1. start with only a few scenarios:
/
T ER S ‘= {81782733}
x’ e X 2. solve this reduced problem

y* € V(s,2%,9) \ gmpsek
T < (b°)'y° Vs € S

. Are there any violated constraints
for Vs € S (is T too large?)

4. If No: we’re optimal!

5. If Yes: Add some violated scenarios
to S, repeat

w
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Potential Research Questions

Q4. How many queries are needed for an
“optimal” recommendation?
(can we ever guarantee rec. quality?)

Q5. Tradeoffs! Between...
- utility function complexity & accuracy
- query complexity and # required queries

Q6. What if we have a group of agents?
(cc: social choice?)

Q-6
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